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Abstract. For a family of compact Riemann surfaces X t of genus g > 
1, parameterized by the Schottky space © 9 , we define a natural basis 
of H (Xt , u>x, ) which varies holomorphically with t and generalizes the 
basis of normalized abelian differentials of the first kind for n — 1 . We 
introduce a holomorphic function F(n) on & g which generalizes the 
classical product I"Im=i(l ~~ 1 m ) 2 f° r n = 1 an d — 1- We prove the 
holomorphic factorization formula 



where det' A n is the zeta-function regularized determinant of the Laplace 
operator A n in the hyperbolic metric acting on n-differentials, N n is the 
Gram matrix of the natural basis with respect to the inner product 
given by the hyperbolic metric, S is the classical Liouville action — a 
Kahler potential of the Weil-Petersson metric on <5 S — and c Sl „ is a 
constant depending only on g and n. The factorization formula reduces 
to Kronecker's first limit formula when n = 1 and g = 1, and to Zograf's 
factorization formula for n = 1 and g > 1. 



Let s and r be complex numbers with Res > 1, Imr > 0, and define 



This series was introduced by Kronecker in 1863; see |Wei76j . It admits 
meromorphic continuation to the entire s-plane with a single simple pole at 
s = 1, and satisfies the functional equation 
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1. Introduction 
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where T(s) is Euler's gamma-function. Kronecker's first limit formula asserts 
that 

as s — *■ 1, where 77 (r) is the Dedekind eta-function: 

00 

r/(r) =g2i JJ(l-0, q = ^ ,T 

m=l 



See |Wei76j and |Lan87j for the proof, and for applications to number theory. 

Equation admits an interpretation in terms of the spectral geometry 

of the elliptic curve E T ~ L\C, L = Z + Zr, which goes back to [RS73 . 

1 2 

Namely, assign to E T the flat metric \dz\ , in which the area of E T is 

Imr 

1. Let 

d 2 

Ao(r) = - Imr a^I 

be the Laplace operator in this metric on E T , acting on functions. Its eigen- 
values are 

imr 

Its determinant is defined by zeta function regularization: the function 
C(t, s) = Yl\ e ^o 1 defined initially for Res > 1, admits meromorphic 
continuation to the entire s-plane, and one defines 



det'Ao(r) = exp / 



d_ 

ds 



s=0 



where the prime indicates omission of zero eigenvalues. Since ((t, s) = 
it- 2s E(t,s), it follows from (HHJ and (JESJ) that 

(1.3) det'Ao(r) = 4Imr|r/(r)| 4 . 

This formula has been used in string theory for the one-loop computation 
in the perturbative approach of Polyakov (see, e.g., (D'H99j and references 
therein). 

We restate 1)1. 3|l in a form convenient for generalization to higher genus. 
Consider the Schottky uniformization of the elliptic curve: E T ~ T\C*, 
where T is the cyclic group generated by the dilation w 1— ► qw, with funda- 
mental region D = {w G C* : \q\ < \w\ < 1} . The push- forward of the Eu- 
clidean metric (Imr) _1 |dz| 2 by the map w = e 2mz takes the form p(w) \dw 
where p(w) = (4tt 2 Imr|r(;| 2 ) -1 . Setting 
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dw 
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dw A dw = Air 2 Im r, 
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we can rewrite 1)1.3)1 as 

(1 . 4) 4exp {__L s(T) } |F(rf , 

where 

oo 

(1.5) F(q)=H(l- q m ) 2 . 

m=l 

Note that det Ao(r) depends only on the isomorphism class of E T , which in 
turn depends only on q, and that Im r also depends only on q. Hence 1)1-4)1 
is an equality of functions on{gGC:0<|g|<l}. 

In this paper we extend ,1-4)1 and 1)1.5)) from elliptic curves to compact Rie- 
mann surfaces of genus g > 1 , and from functions to n-differentials (sections 
of the re-th power of the canonical bundle). To formulate the main result, 
which may be interpreted as a higher genus generalization of Kronecker's 
first limit formula, we first recall some basic facts about uniformization of 
Riemann surfaces and about Teichmiiller and Schottky spaces (see Section 
12 for more detail) . Each compact Riemann surface X of genus g > 1 carries 
a unique hyperbolic metric (a Hermitian metric of constant negative curva- 
ture —1), with respect to which one can define the Laplace operator Ao(X) 
acting on functions on X, its zeta function (analogous to Q{t,s) defined 
above), and its regularized determinant det'Ao(JT). The Riemann moduli 
space is the set of isomorphism classes of compact Riemann surfaces of 
genus g > 1; it carries a natural structure of a complex orbifold of dimension 
3g — 3. This generalizes the space PSL(2, Z)\ {r £ C : Imr > 0} of isomor- 
phism classes of elliptic curves. The determinant det'Ao is a real-analytic 
function on Wl g . 

Now suppose that the Riemann surface X is marked, i.e., has a distin- 
guished canonical system of generators ati, ■ ■ ■ , a g , [3%, . . . , /3 g of the funda- 
mental group tti(X,xq), xq £ X. With respect to this marking we may 
define a normalized basis <pi,...,(p g of the space of holomorphic 1-forms — 
abelian differentials of the first kind — by the requirement J a (fj = 5jk', 
then the period matrix r is defined by Tjk = fp <fj. It satisfies Imrjfc = 

(cpj, ipk) = | J x (fj A </2 fc by the Riemann bilinear relations. The Teichmiiller 
space T 5 is the set of isomorphism classes of marked Riemann surfaces of 
genus g; it is the universal cover of 9JT g , and it carries a natural structure of 
a complex manifold of dimension 3g — 3 with respect to which the entries of 
t are holomorphic functions. For g > 1, the Teichmiiller space generalizes 
the upper half-plane {t € C : Imr > 0}, and det Imr will play the role of 
the factor Imr appearing in 1)1.4)1 . 

In fact, det Imr is a well defined function on the Schottky space & g , 
which is an intermediate cover of 9Jl g (T 9 — ► & g — > 9Jt 5 ) defined as fol- 
lows. A marked Schottky group is a discrete subgroup T of the group of 
linear fractional transformations PSL(2,C), with distinguished free gener- 
ators Li,...,L g satisfying the following condition: there exist 2g smooth 
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Jordan curves C r , r = ±1, . . . , ±g, which form the oriented boundary of 
a domain D C C = C U {oo}, such that L r C r = — C_ r , r = 1, . . . , g. If 
£1 is the union of images of D under T, then T\Tl is a compact Riemann 
surface of genus g. According to the classical retrosection theorem, every 
compact Riemann surface may be realized in this manner; if it is marked, 
the condition homotopic to for each k > fixes the marked group up 
to overall conjugation in PSL(2,C). The overall conjugation may be fixed 
by a normalization condition — see section \2.1l The Schottky space & g is 
the space of marked normalized Schottky groups with g generators. It is 
a complex manifold of dimension 3g — 3, covering 9Jt g and with universal 
cover T„ , and det Im r is a well defined function on it |Zog89| . The Schottky 



space & g generalizes the space {geC:0<|g[<l} discussed above. 

Like the Teichmiiller space T 5 , the Schottky space & g carries a natural 
Kahler metric, the Weil-Petersson metric. Its global Kahler potential can 
be explicitly constructed as follows. Let /o(z)|dz| 2 be the hyperbolic metric 
on O — the pull-back of the hyperbolic metric on X ~ T\£l. Following 
[ZTEZE], set 

S = - n ll I ^ 2 +p) dzAdz 




<M> + lg£ fc (iog,-iiog|4| 2 )(|d,-|d, 

9 

+ 4^^1og|c(L A 



-k)\ 2 



k=2 



U 



IS 



where for 7 = (" 5) € T, we denote 0(7) = c. The function S : S 
called the classical Liouville action (see |ZT87bj and |TT03| for details and 
motivation). According to |ZT87bj . the function —S is a Kahler potential 
of the Weil-Petersson metric on & g , i.e., 

(1.7) ddS = 2iu WP , 

where d and 8 are, respectively, the (1,0) and (0,1) components of the 
deRham differential d on & g , and uj wp is the symplectic form of the Weil- 
Petersson metric. For g > 1, the function S on & g will play the role of the 
function S(t) = — 27rlog|g[ on {q 6 C : < \q\ < 1} appearing in (|1,4|) , 

Now we can formulate the following remarkable generalization of (|1.4|) 
and 1)1. 5J) to higher genus Riemann surfaces. 

Theorem 1 (P. Zograf). Let g > 1, and let det'Ao, Imr and S be the 

functions on the Schottky space & g defined above. Then there exists a holo- 
morphic function F : &„ — > C such that 



, s det'Ao f 1 .[,,., 

(1.8 ^- = c exp<^ S\\F\ 

v ; det Imr 9 P l 12vr 
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where c g is a constant depending only on g. For points in & g corresponding 
to Schottky groups T with exponent of convergence 5 < 1, the function F is 
given by the following absolutely convergent product: 

(i-9) f = n n a - <4 +m ) . 

{ 7 } m =0 

where q-y is the multiplier of 7 € T, and {7} runs over all distinct primitive 
conjugacy classes in T, excluding the identity. 

See section 0~T1 for the definition of 5, q™, and primitive 7. The factoriza- 
tion formula (|1.8[) was proved in |Zog89| , and the representation (|1.9|) was 
discovered later |Zog97 . We will refer to (|1.8|) together with (|1.9|) as the 



Zograf factorization formula, or simply Zograf 's formula. Note that when 
g = 1, the theorem still holds provided that Ao and S are defined as in the 
discussion of elliptic curves above. In this case, (|1.8|) becomes Q1.4jl . and the 
function F reduces to the classical product (jl.5j) . 

Associated to the Riemann surface X is the Selberg zeta function 

00 

{ 7 } m=0 

where {7} runs over all distinct nontrivial primitive conjugacy classes in 
a Fuchsian group uniformizing X. Defined initially for Res > 1, the Sel- 
berg zeta function admits analytic continuation to the entire s-plane, and, 
according to |DP8fij and |Sar87j . 

det'A = e c °( 29 - 2 )Z / (l) 

for some constant cq. Hence Zograf's formula gives a factorization of Z'(l), 
considered function on 6„. 

To motivate the extension from functions to n-differentials on X, we first 
describe a geometric interpretation of Zograf's formula, in the context of 
the Quillen metric and the local index theorem for families. We write lox 
for the holomorphic cotangent bundle of X, and call a smooth section of 
lo\ an n-differential. Let ^ g = be the universal curve — the moduli 
space of compact Riemann surfaces of genus g > 1 with one marked point 
- and let p : M g — > Wl g be the corresponding forgetful map. Denote by 
Ty^g the vertical holomorphic tangent bundle of the fibration p, and for 
each positive integer n, denote by A n the direct image bundle p*{Ty^~ n ) 
over Tl g . Then the fibre of A n over a point t £ TX g is isomorphic to the 
vector space H (Xt,io^ t ) of holomorphic n-differentials on the Riemann 
surface X t = Let A n = detA n be the corresponding determinant 

line bundle over Wi g . The hyperbolic metric on the fibres of p defines a 
natural Hermitian metric on A n and on hence on A ra . The Quillen metric 
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Qui85 on X n is defined by 



I, |,2 _ IMj% detN n 
WlQ.n- det 'A n ~ det'A n ' 

where || • || n is the Hermitian metric mentioned above, ip = <p\ A • • • A ipd n is 
a local holomorphic section of A n at t £ 9Jt 9 , [N n ]jk = ((pj, (p^) is the Gram 
matrix of the basis ipi, . . . , ipd n of H°(Xt, oj x ), and A n is the Laplace op- 
erator in the hyperbolic metric on Xt acting on n-differentials. The Quillen 
metric has the remarkable property that the Chern form of the Hermit- 
ian line bundle (A n , || • ||g n ) over Wl g is proportional to the Weil-Petersson 
symplectic form uj wp : 

m m »*i detiV ™ 6n 2 -6n + l 

(L11) ddlog d^A~ n = ^ 

This is the local index theorem for families (see |BK86| IB.T86| IZT87aj ) . 

Theorem ^ together with l)1.7j) constitute a refinement of Ijl.llJI in the 
case n = 1. Let ip = p\ A • • • A p g be the local holomorphic section of Ai 
determined by the normalized basis <pi, . . . , <p g of abelian differentials of the 
first kind on Xt- Then Theorem ^ provides (by means of the function F) an 
isometry between the line bundle Ai with the Quillen metric, and the line 
bundle over 9Jl g canonically determined by carrying the Hermitian metric 
exp{j^:5} (see Section 3 in Zog89 for details). (We have used the fact 



that det'A n = det'Ai_ n , see e.g. |ZT87aj .) Expressed differently, Zograf's 
factorization formula is a "<9<9 antiderivative" of (jl.lljl . 

Based on (jl.llj) . it is natural to expect an analogue of Theorem ^ to 
hold for all positive integer n. However, there are two principal differences 
between the cases n = 1 and n > 1. 

First, for n = 1 there is a canonical choice of a lattice of maximal rank 
in H° (X, ujx ) provided by the dual to H\ (X, Z) , which gives rise to the 
classical normalized basis of abelian differentials described above. Topology 
does not fix such a lattice in H°(X, u 1 ^) when n > 1. Nevertheless, using 
Schottky uniformization and corresponding Eichler cohomology groups, we 
construct a natural basis of H°(Xt,u>x ) which is canonical up to a choice 
of basis in a space of polynomials, varies holomorphically with t E & g , and 
reduces to the classical normalized basis of abelian differentials of the first 
kind when n = 1. 

Second, for n = 1 the holomorphic quadratic differential on X = Xt 
which corresponds to the (1,0) form <91ogdet'Ao at t G & g is given by a 
local expression in terms of the Green's function of d\. However, for n > 1 
the corresponding local expression is not holomorphic, and a holomorphic 
projection must be applied to obtain <91ogdet'A n , which makes the entire 
expression non-local. Still, we prove that up to a known "holomorphic anom- 
aly", (which gives rise to the factor involving the classical Liouville action 
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S), dlogdet'A n is given by applying the projection operator to 

T n (z) = Inn (nA - (1 - n)^j z>) - 1-L/) , ,€11, 

where K n is the Green's function for the 9 n -operator. The advantage of 

QT 

this representation is that, although T n fails to be holomorphic, — — can 

oz 

be characterized explicitly, and the projection can be avoided by means of 
a contour integration. In this we make rigorous the heuristic outline given 
in |Mar87j . where T n arises as the "stress-energy tensor of Faddeev-Popov 
ghosts" (or "6 and c fields of spins n and 1 — n" ) on the Riemann surface 

x ~ r\n. 

Thus we arrive at the main result of the paper. 

Theorem 2. Let g and n be integers, g > 1, n > 1, and let det'A n and S 
be the functions on Schottky space 6 g defined above. Let p : ,5? g — ► & g be 
the universal Schottky curve, let Ty5f g be the vertical tangent bundle, and 
let ipi, . . . , ifd n be the family of global holomorphic sections of p*(Tyy~ n ) 
(the "natural basis" for n- differentials) defined in Section^ below, forming 
a basis for each fibre. For t £ & g let [N n ]jk{t) = {(fj(t), (pk(t)} } where the 
inner product is induced from the hyperbolic metric on the compact Riemann 
surface Xt — Tf\Qf. Then there exists a holomorphic function F{n) : G g — > 
C such that 

det'A n f 6n 2 -6n + l ) 2 
(1-12) detJV^ = C ^ eXP \ 12^ ' 

where c g . n is a constant depending only on g and n. The function F{n) is 
given by the following absolutely convergent product: 

oo 

(i.i3) F(n) = a - qLl ? . . . a - <o 2 (i - c 1 ) n n ( x - < +m )' 

where g 7 is the multiplier of 7 € Tt, {7} runs over all distinct primitive 
conjugacy classes in the marked normalized Schottky group Tt, excluding the 
identity, and L\, . . . , L g are the free generators fixing the marking of IV 

See section |2~T1 for the definitions of g 7 and primitive 7, and for the nor- 
malization of the marked Schottky group. For n > 1 and g > 1, we have 
det'A n = C gjn Z(n), where Z(s) is the Selberg zeta function (|1.1(J|) and C 5in 
is a constant depending only on g and n ( ID P86[ ISar87| ). so that Theorem 
I21gives a factorization of Z(n) for integers n > 1, considered as functions on 
& g . As in the case of Zograf 's formula, the function F(n) defines an isometry 
between the line bundle \ n over 9Jt 9 equipped with the Quillen metric, and 
the holomorphic line bundle over DJl g determined by the Hermitian metric 
eX p| 6n 2 -6n+i | gj^ Theorem |21 together with (|1.7|) . immediately implies the 
local families index theorem Ql.ll|) . of which it may be considered the "<9<9 
antiderivative" . 
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Heuristically, the function F{n) on & g can be interpreted as a holomorphic 
determinant det'd n (t) of the family of <9 n -operators on Riemann surfaces 
Xt, t G & g , in accordance with arguments in |Kn i89 . We note in passing 
that the functions F(l) and F{2) enter the "Polyakov measure for the D = 
26 theory of closed bosonic strings" fBK86l IKni89l D'H99 . 

The content of the paper is the following. In Section [21 we collect the 
facts we will need on Kleinian groups, Green's functions, Teichmuller and 
Schottky spaces, and the classical Liouville action. In Section 01 we express 
the Green's function of d n in terms of Poincare series, thus completing the 
outline given in |Mar87j . Section 0] describes our choice of a natural, holo- 
morphically varying basis of H°(Xt, w^- ). Finally in Section |3 we prove 
Theorem 13 For n = 1, our proof is essentially the argument of Zog97 , 
which establishes Theorem ^ for those Schottky groups with exponent of 
convergence 8 < 1. (For the first part of Theorem ^ when S > 1, we refer to 
|Zog89l .) 

The results of this paper may be extended to the case where the re- 
differentials on X are twisted by a character of the Schottky group, or equiv- 
alently, a unitary character of iri(X), generalizing Kronecker's second limit 
formula. In this case, comparison with known bosonization results yields a 
product formula for theta functions in genus g > 1, generalizing the Jacobi 
triple product formula when g = 1. We intend to return to this in a sequel 
to this paper. 

Acknowledgments We are grateful to Peter Zograf for sharing his insights 
with us. We are also thankful to Lee-Peng Teo for useful discussions at 
the early stages of this work. A.M. would like to thank the organizers of 
the Simons Workshop in Mathematics and Physics in Stony Brook during 
Summers 2003 and 2004, when this work was completed, for support. The 
work of L.T. was partially supported by the NSF grant DMS-0204628. 

2. Necessary basic facts 

Here we fix notation, and recall the basic definitions and known results 
we will need. 

2.1. Kleinian groups. Ber75] By definition, a Kleinian group is a discrete 
subgroup r of the group of Mobius transformations PSL(2, C) which acts 
properly discontinuously on some non-empty open subset of the Riemann 
sphere C = C U {oo}. The largest such subset $7 C C is called the ordinary 
set of r and its complement is called the limit set of T. 

For integers n and m, an automorphic form of type (n, m) for T is a 
function / : £1 — > C such that 

f(z) = /( 7 z) 7 '(z) n Y(iy m for all z G fl, 7 G T. 

We write the space of smooth forms of type (re, m) as ^4 n > m (f2 ; r) (abbre- 
viating A n '° = A n ), and the space of holomorphic forms of type (n, 0) as 
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7i n (Q,T). A function group is a Kleinian group which leaves some con- 
nected component Qq C Q invariant, and a uniformization of a Riemann 
surface X is a function group T with invariant component fio Q & such that 
X ~ T\$7o- Since fio is invariant, we can define the restrictions ^4 ra > m (Q 0) r) 
and H n (n ,r). 

The exponent of convergence of a Kleinian group T is the infimum of 5 G R 
such that the series X^ 7 er l7'( z )l <5 converges for all z £ fl. For all Kleinian 
groups, 5 < 2. 

A Kleinian group T is called a Fuchsian group if it leaves some Euclidean 
disc invariant; we will assume the disc has been conjugated to the upper 
half-plane EI = {z = x + iy G C : y > 0}, so that T C PSL(2, R). 

A Kleinian group T is called a Schottky group if it is generated by L±, . . . , L g 
satisfying the following condition: there exist 2g smooth Jordan curves CV, 
r = ±1,... ,±5, which form the oriented boundary of a domain D C C, 
such that L r C r = — C_ r , r = 1, . . . , g (the negative sign indicating opposite 
orientation). The domain D is a fundamental region for V. A Schottky 
group is a function group, and a free group on generators Li, . . . , L g . Each 
nontrivial element 7 of T is loxodromic: there exists a unique number g 7 G C 
(the multiplier) such that < |g 7 | < 1 and 7 is conjugate in PSL(2, C) to 
z 1— > g 7 z, that is, 

7Z — a 7 z — a 7 

iT = ^ a 

72; — o 7 z — by 

for some a 7 , 6 7 G C (respectively, the attracting and repelling fixed points). 
A marked Schottky group is a Schottky group together with an ordered set 
of free generators L±, . . . , L g ; it is normalized if = 0, = 00, and 
a L2 = 1. 

It will be convenient to define L_ r := L" 1 , so that L r C r = — C_ r is 
true for all r G {±1, . . . , ±5}. We abbreviate a r := aL r , b r := b^ r and 
Qr '■= QL r - Denote by D r the connected component of C — C r containing 
b r , for r = ±1, . . . , ±g, so that — C r is the oriented boundary of D r and 
L s r {D) C D_ r for s > 0. Since T is free, every nontrivial 7 G T has a unique 
expression as a reduced word, 7 = L s r \ ■ ■ ■ Lf™, for some rj G {±1, . . . , ±<?}, 
Sj > 0, j = 1, . . . , m, where |rj| 7^ |rj+i| for j = 1, . . . , m — 1. 

We collect some facts we will need about the action of a Schottky group 
on C below. 

Lemma 2.1. Let T be a marked Schottky group. With notation as above, 
the following statements hold. 

(i) For all r ^ j and s > 0, L s r (Dj) C D_ r . 

(ii) Let 7 = L£J • • • L*™ G T be a reduced word. Then a 7 G D- n and 
6 7 G £> rm . 

(hi) Lei 7 = L S T \ ■ ■ ■ L s r ™ G T be a reduced word. Then 

7 -i( a ) € / jDr - if j ^ Lf. for all s > 0, 

I D- r = D^ Tm ifj = Lf. for some s > 0. 
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Proof. Part (i) trivially follows from definitions. For part (ii), we observe 
that j(D) C D— ri , which immediately follows from part (i) using induction 
on m, 

j(D) = U r \(U r \ ■ "L£(£>)) C L s r \(P- r2 ) C D_ ri . 
This shows that a 7 G D— ri . For 6 7 , just note that & 7 = a 7 -i. Part (hi) 
is also proved by induction on m. For m = 1, if n 7^ r, then 7 _1 (a r ) £ 
7~ 1 (D_ r ) = L s 2 ri {D^ r ) C -D ri , while if ri = r, then a r is hxed by 7 and 
7 _1 (a r ) = a r G D_ r . Now assume for m — 1 and suppose 7 / for all 
s > 0. Then 

7 -i(a r ) = L s -J(Kl ■ ..L s Z -_\)-\a r )) G L^JD^) C L> rm . 

□ 

For future use, we mention that an element 7 of a group T is called 
primitive if 7 7^ 75 s for all 70 G T and integers s > 1 . 

2.2. The operators <§„ and A n . We follow |ZT87aj . Let X be a compact 
Riemann surface of genus g > 1. X carries a unique hyperbolic metric (a 
Hermitian metric of constant curvature —1), written locally as /?(z)|d,z| 2 . Let 
iOx = T*X be the holomorphic cotangent bundle of X, i.e., the canonical 
class, and for any integers n and m, let £ p ' q (X,u>x <S> w^) be the vector 
space of smooth differential forms of type (p, q) on X with values in the line 
bundle <J\ <g)u^. An (n, m)- differential (or n- differential when m = 0) is an 
element of A n < m {X) = £°>°(X, u\ <g> of™) (or .A n (X) when m = 0), written 
locally as ip(z)(dz) n (dz) m . Note that we may identify £ p ' q (X, uJf^ £><DcJ^) ~ 
A n+p ' m+q {X). When X ~ r\f&o for some function group T and invariant 
component Oo, we identify ,A n,m (X) ~ ^4 n > m (Q 0) p). In what follows we will 
make implicit identifications of this kind without further comment. 
The hyperbolic metric on X induces a Hermitian metric 

(2.1) M) = jj^p l - n - m d 2 z, 

D 

on A n,m (X), where D is a fundamental region for T in Qq, and d 2 z = 
|dzAdz is the Euclidean area form on £Iq. The metric and complex structure 
determine a connection 

d = d n ®B n : £°'°tx>j) - ^(i,4)e^(i,^) 

on the line bundle uj, given locally by 

9 n = ^3 and d n = p n — p n . 

oz oz 

The metric determines 9-Laplacians A n = A^'° = d^B n and A Hi i = A^' 1 = 
9 n 0*, acting on vector spaces A n (X) and ^4 n,1 (X) respectively, where 8* = 
—p~ l d n is the adjoint of d n with respect to (|2.1|) . 

Let ij n ' m (X) be the L 2 -closure of A n,m (X) with respect to the inner 
product (|2.1I) . The operators A n and A n> i are self-adjoint and non-negative, 
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and have pure discrete spectrum in the Hilbert spaces Sj n (X) and fy n ' l {X). 
The corresponding eigenvalues < Ao < Ai < • • • of A n (the non-zero 
eigenvalues of A n and A nj i coincide) have finite multiplicity and accumulate 
only at infinity. The determinant of A n is defined by zeta regularization: 
the elliptic operator zeta-function 

Us) = £ A- 

A fe >0 

defined initially for Res > 1, has a meromorphic continuation to the entire 
s-plane |MP49j . and by definition [KS7T1 ITTBTBj . 

detA n = e-^ 0) . 

The non-zero spectrum of Ai_ n is identical to that of A nj i (see, e.g., |ZT87a| ). 
so that det A n = det Ai_ n . Hence without loss of generality we will usually 
assume n > 1. 

Denote by I n and P n , respectively, the identity operator in F) n (X), and the 
orthogonal projection operator from Sj n (X) onto 7i n {X) = ker<9„ = ker A n . 
The Green's operators for d n and A n for n > 1 are the unique operators 
K n : ^(X) fi n {X) and G n : f) n {X) -» fi n (X) respectively, such that 

GF1. K n B n = G n A n = I n - P n . 
GF2. K n | ker ^ = 0and G n | kerAn = 0. 

They are related by K n = G n d*. Now, let X ~ r\l\) for some function 
group r and invariant component f^o- The Green's functions for d n and A n 
are the unique automorphic forms in two variables K n (z,z') and G n (z,z') 
respectively, smooth for z' / jz, z, z' £ f2o and 7 € T, satisfying 

(K n i>)(z) = J J K n (z,z')ij(z') dV for all if> G A n ' 1 (O ,r) 
D 

and (G„^)(«) = /7 G n (z,z?)if>(z?) d 2 z' for all ^Gi" (n ,r) . 

D 

The form K n (z,z') is of type (n, 0) in z and type (1 — n,0) in z', and the 
form G n (z, z') is of type (n, 0) in z and type (1 — n, 1) in z'. Both forms are 
holomorphic in z. The relation K n = G n d* implies 

K n {z,z') = - {5[„ n yG n (z,z>) = p(zT n ^p {p(z , ) n - 1 G n (z,z')) . 

Remark 1. Our convention differs from |ZT87aj . where the Green's function 
G n (z,z') is defined by (G n ip)(z) = {G n (z,-),ip). The two are related by 
G n (z,z') =p(z') 1 - n G n (z,z'). 

The Green's function Q n ( z ,z') for A n on the upper half plane EI is 
uniquely determined by the following properties: 

1. Q n (z, z') is smooth for z 7^ z'; 
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2. Q n ( 7 z,7z / )7 / (^) n 7 / (^) 1 " n 7'(^) = Qn(z,z') for all 7 G PSL(2,M) 
and z 7^ z'; 

3. Q n {z, z') = -±{lmz')- 2 \og\z - z'\ 2 + 0{l) asz^z'; 

4. A n Q n (z,z') = 0for^z'; 

and an additional growth condition as z — > (see |Hej'T6| ) . The terminol- 
ogy is justified since if X ~ r\H for a Fuchsian group T, then 

Correspondingly, the Green's function R n (z,z') for 9 n on M is R n (z,z') = 
— (d'i_ n )*Q n (z, z'), and from the defining properties of Q n (z, z') we derive 



„ , ts 1 1 / z — z'\ 
2.2 Rn(z,z') = 

7T Z — — Z / 



/\ 2n-l 



2.3. Teichmiiller and Schottky spaces. |Ber72| IBer75| Hej75| A marked 



Riemann surface is a compact Riemann surface X of genus g > 1, equipped 
with (up to an inner automorphism of 717 (X, xo)) a canonical system of 
generators a±, . . . , a g , Pi, . . . , /3 g of 717 (X, xo), i.e., a system with the single 
relation aifiia^ 1 fi^ 1 ■ ■ ■ a g l3 g a~ 1 f3g l = 1. Marked Riemann surfaces will 
be denoted by [X] = (X; cti, . . . , a g , 0i, . . . , (3 g ). Let T 9 be the Teichmiiller 
space of marked Riemann surfaces of genus g > 1. 

For a marked Riemann surface [X] , let TV be the smallest normal subgroup 
in 717 (X, xq) containing ai, . . . ,a g . By the classical retrosection theorem, 
there exists a Schottky group T ~ 717 (X, xq)/M with ordinary set f2 such 
that X ~ r\J7. The group V is unique if we require it to be normalized; we 
will always assume that V is normalized and marked by generators L\ , . . . , L g 
corresponding to the cosets (3iAF, ■ ■ ■ , (3 g M. The correspondence 

[X] 1 ^ (a 3 , ...,a g ,b 2 ,...,b g ,qi,...,q g ) 

defines a complex-analytic map ^ : T g — > C 39-3 . Its image S 5 = ^(T 9 ) is 
a domain in C 3ff_3 , called the Schottky space, and ^ is a covering map onto 
6 g . The correspondence t 1— > r(\f2t defines a complex-analytic covering map 

e g ^m g . 

Equivalently, the Schottky space & g may be defined as the set of marked, 
normalized Schottky groups of rank g > 1, with a complex structure de- 
scribed as follows. For every t G 6 9 let Xt — Tt\Tlt be the corresponding 
Riemann surface, and let 82(f) and A°^\(t) be as defined in section [2~2*l 
for the surface Xt- Then the holomorphic tangent space Tt& g is naturally 

isomorphic to H' 1 ' 1 ^^) = kerA^(t) C A" 1 ' 1 ^, T t ) — the space of 
harmonic Beltrami differentials — while the holomorphic cotangent space 
T?& g is naturally isomorphic to n 2 (VL t ^t) = ker<9 2 (i) C A 2 (Vt t ,Y t ) — the 
space of holomorphic quadratic differentials. For fi € 7Y -1,1 (f^, T t ) and 
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q E TC 2 (Qt,F t ), the pairing is given by 



where Dt is a fundamental region for IV The inner product (|2.1|) on har- 
monic (—1, l)-differentials defines a Hermitian metric on the Schottky space 
& g . This metric is Kahler, and coincides with the projection onto & g of the 
Weil-Petersson metric on % g (see |AIil61p . We will call it the Weil-Petersson 
metric on & g and will denote its symplectic form by oj wp . 

In this definition of & g , one defines complex coordinates for a neighbour- 
hood of t £ & g , called Bers coordinates, as follows. Given \x E H~ 1 ' 1 (0, t , T t ) 
satisfying |Ia*]Ioo = su Pzen t \^i z )\ < 1> there exists a unique homeomorphism 
: C — ► C fixing 0, 1, oo and satisfying the Beltrami equation 



OP df 



A' 



<9z ^ dz 

Set r^f oTo (/T 1 , ^ = f and = r"\JP. Choosing a ba- 
sis in,.. .,H3 g s for W~ 1 ' 1 (fi t) rt) gives \i = eifi\ H h £33-3^39-3, where 

£j E C. The correspondence e = (ei, . . . ,£35-3) 1— > VPQX'*]) introduces com- 
plex coordinates in a neighborhood of t E S 9 ; the corresponding complex 
structure agrees with that given by the first definition, considering & g as a 
domain in C 3fil ~ 3 . In terms of Bers coordinates, 

The Schottky universal curve is a fibration p : Sf g — > & g with fibre 
7r _1 (t) = X t ~ r t \n t for t£6 9 . Let Ty^ 9 -> J-^ be the holomorphic 
vertical tangent bundle — the holomorphic line bundle over 5^ g consisting 
of vectors in the holomorphic tangent space TS^ g that are tangent to the 
fibres Xt = 7r _1 (t). A family if 6 of (n, m)-differentials on Riemann surfaces 
X £fl is defined as a smooth section of the line bundle 



(T v y g )- n ® (Ty^)- m y g . 

The hyperbolic metric p gives rise to a family of (1, l)-differentials and de- 
fines a natural Hermitian metric on the line bundle Ty,y g — > J?g, whose 
restriction to each fibre coincides with the hyperbolic metric. It also defines 
a Hermitian metric in the bundle {Tyy g )~ n — > J?g, and in the direct image 
bundle A„ = p*((Ty^)- n ) -► S g . The fibre of A n over i E & g is the vector 
space 7i n {Slt,Tt), and the corresponding Hermitian metric is given by (|2.1|) . 

The pullback of an (n, m)-differential ip e over A e ^ is an (n, m)-differential 
over A = A , defined by 

where f £ ^ : C — > C is the corresponding solution of Beltrami equation. 
The Lie derivatives of the family ip e in the directions /i and /Z, where E 
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H- 1 ' 1 ^^) =i T t & g and t = V([X]), are defined by 



d_ 

de 

and 5^ = ^ 



£>V) e -4™' m (x) 



e=0 



e=0 



Every smooth function 95 on S 5 is naturally identified with a family of (0, 0)- 
differentials, constant along the fibres of p, which we will continue to denote 
by ip. In this case the Lie derivative coincides with the usual directional 
derivative, 

5^Lp = d<p(ji) and 5^ip = dip{p), 

where d and d are the (1,0) and (0,1) components, respectively, of the 
deRham differential d on the complex manifold & g . Similarly, for a family 
of linear operators A £ : A k,l (X e ^) — > A m,n (X £fl ) we define the Lie derivatives 
by 



de 

and S^A = ^_ 



e=0 



£=0 



so that 

S^Afa)) = s » A (ip) + A{5^) and S^Aty)) = SpAfa) + A{8^). 
Now we present some variational formulas we will need. For y, G H' 1 ' 1 (O, T) 



define 



Then AhKil 



de J 



dF a 



and <J>, 



e=0 



de 



E = 



and Xyb] 



fj, and $, 



7' 



is a polynomial of order < 2 every 7 6 T. (For 

groups other than Schottky, function <j?^ is holomorphic on f2 but not nec- 
essarily zero.) Note that the normalization of f 6 ^ implies that i^(0) = 
i^(l) = F^(oo) = 0, and hence XiA L l](fy = 0, Xn[Li](oo) = 0, and 



XM(1) = 0. (Here F^oo) 



means F^(z) 



o(\z\ ) as 2 — > 00, and 



similarly for x„[Li].) Another classical result of Ahlfors AI1I6T] is that for 
the family p of (1, l)-differentials given by the hyperbolic metric, 

$nP = and 5^p = 0. 

^From this one finds (see, e.g., |ZT87aj h 

5/j.dn = -pd n and 5^d n = 0, 

and hence 

<5 M A n = p~ l pd n+ id n . 
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If (p is a smooth family of holomorphic automorphic forms of type (n, 0), 
then differentiating d n ip = one gets 

(2.3) d n (5^(p) = fj,d n <p and d n {5^Lp) = 0, 

where the last equation follows from 5^d n = 0. Finally, for t E & g let 
"ft € Tt be a group element corresponding to a fixed element [7] under the 
isomorphism Tt — it\(X,xq)/N. Then the multipliers g 7( give rise to a 
holomorphic function q 7 : 6 g — > C. Identifying T t *© 5 ~ H 2 (^lt,^t), we have 
(see e.g. |Zog89| ) 

ff (je ( 7) \r - a 7) " 6 7J 

where the sum runs over the set of left cosets in V of the cyclic subgroup 
generated by 7. 

2.4. Classical Liouville action. jZT87bl ITT03] The Schottky space & g 
is a domain of holomorphy |Hej75| , so that the Weil-Petersson metric on & g 
has a globally defined Kahler potential. Here we present the potential for the 
Weil-Petersson metric constructed in ^T87b . It is given by the "classical 
Liouville action" — the critical value of the "Liouville action functional" on 
the family of Riemann surfaces parameterized by the Schottky space <3 g - 
and has the additional property of establishing a relation between Fuchsian 
and Schottky uniformizations. 

Namely for t G & g set X = Xf, for convenience, we omit the subscript 
t here and write X ~ T\0, etc. Let p(z)|dz| 2 be the hyperbolic metric 
on Q, pulled back from the hyperbolic metric on X ~ T\Q. Let D be a 
fundamental region for the marked Schottky group V (see section 2.1). Set 




Til Til > 



+ 4vr^log|c(L 



fe=2 



where for 7 = ("jjg) 6 T, we denote 0(7) = c. This definition does not 
depend on a particular choice of the fundamental region D. The values 
St for t £ & g define a smooth function S : & g — > E, called the classical 
Liouville action (see |ZT87bj for motivation and details, and [TT03 for a 
cohomological interpretation). The function S is invariant with respect to 
transformations of & g corresponding to permutations of the generators of 



the marked Schottky group Zog89 . For a holomorphic function / with 
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/' 7^ 0, the Schwarzian derivative of / is 

(2.5) SU)- (£)'- \ (f)\ 

For X ~ r\0 let J : H — > O be the universal covering of Q and set 

$ = 2S{.r l ). 

Though the mapping J is not one-to-one, it follows from the properties of J 
and S that $ is a well-defined element of ri 2 (Q,T) ZT 87b| . Correspondingly, 
the smooth family fit of holomorphic quadratic differentials on X% gives rise 
to a (l,0)-form $ on S s . 

Proposition 2.2. T/ie function S : © 9 — > R /ias i/ie followng properties. 

(i) 55 = 

(ii) OSS' = 2i oj wp . 

Proof. See |ZT87bj (and |TT03| for generalizat ion to Kleinian groups of class 
A). □ 

3. POINCARE SERIES AND THE GREEN'S FUNCTION OF B n 

Let X ~ r\ilo f° r some function group T and invariant component f^o, 
and let n be a positive integer. In this section we define a meromorphic 
Poincare series K n (z,z') and a smooth kernel K®(z, z') associated with the 
subspace H n (£lo,T) = ker9 n , such that for n > 1 the Green's function 
K n (z, z') of d n is given by K n = K n + K%. (There is a slight modification 
when n = 1.) This completes the outline sketched in |Mar87j . 

For convenience, assume that oo is in the limit set of V. For n > 1, fix 
points Ax, . . . , A2n-\ in the limit set of T, such that 

(3.1) Vj 3 at most n — 1 distinct k such that = Aj. 

If n = 1, fix a single point A± in the ordinary set of T. Then for n > 1 and 
z, z' € f^o with z' ^ 72; for all 7 G T, define |Ber67j 

(3-2) *0 = -£ ^f) 

76 r ' v 3=1 1 3 7 

with the natural conventions if Aj = 00 for one or more j. 

Lemma 3.1. Let T and K n be defined as above. 

(i) Suppose n > 1. For z, z' G Oo with z' 7^ jz for all 7 € T, the series 
K n (z,z') converges absolutely and uniformly on compact subsets. It 
defines a meromorphic function on x Oq with only simple poles, 
at z' = 72, 7 € T. 

(ii) Suppose that T has exponent of convergence 5 < 1. Then for z, z' £ 
Oq with z' 7^ 72; and z 7^ 7A1 /or all 7 £ T, i/ie series Ki(z,z') 
converges absolutely and uniformly on compact subsets. It defines a 
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meromorphic function on x Qq with only simple poles, at z' = 72: 
and z = jA\, 7 G 17 

Proof. Since L 1 -convergence of holomorphic functions implies uniform con- 
vergence on compact sets, for (i) it is sufficient to show 




where /o(^) |d^| 2 is the hyperbolic metric on f^o- This was proved in |Ber71j 
using Ahlfors' estimates for p, under the assumption that Ax,... , ^2n-i are 
distinct points in the limit set. Exactly the same proof works when some of 
the Aj coincide, provided they satisfy condition (|3.1j) . Because Ax is in the 
ordinary set for n = 1, (ii) follows immediately from the definition of 5. □ 

Let Il2 n _2 be the vector space of polynomials of degree < 2n — 2, consid- 
ered as a right T-module with the 7 G T acting on p G \~l2n-2 by 

7*P = P°7' (7') 1_n 5 

and denote by Z 1 (r,Il2 n _2) the vector space of 1-cocycles for the group 
r with coefficients in Il2n-2 — the Eichler cocycles jBer67j . Explicitly, a 
cocycle is a map x '■ r — > Il2 n _2 satisfying 

X[7i72] = 72*x[7i] + xllz] for all 71,72 G 17 
A direct computation shows that for any 7 G T, 

K n (7z,z , )7 , (^) n = ^n(^^) 

where x#(z> •) G Z x (r, n 2ri -2) for every z G fi , and X^frK ' > G ^ n (^o,r) 
for every 7 G T and 2/ G C. 

Now, let (fx, ■ ■ ■ , (fd be a basis for ^(f^O; T), where d = (2n — l)(g — 1) 
(n > 1), or d = g (n = 1). Define potentials (there should be no 
confusion with defined in section 12.3(1 of the automorphic forms (p^ by 
|Ber671 iBerTT] 

(3 " 3) = - // p(C) 1 - n ^(C)i?n(C, *) d 2 z 

-Do 

= -(Kn(- ,z),lf k ), 

where p(C) is the hyperbolic metric on Qq. Note that though K n (-,z) is 
not in S) n (Qo,T), the inner product given by (|2.1|) is still well-defined. The 
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function on f2o has the property 

(3-4) °*k = ^ 

oz 

Let \Nn\jk = {(pj,<fk) be the Gram matrix of the basis tpx, . . . ,(p^ with 
respect to the inner product (|2.1j) . and let Nn = [-/V" 1 ]^ be the inverse 
matrix. For z,z' € set 

d d 

(3.5) K° n (z,z>) =J2J2 N n^( z W)- 

j=i k=i 

It follows from (|3~1|) that 

(3-6) ^(z,z')=P n (z,z') 

is the integral kernel of the orthogonal projection P n : fj n (f2o> T) — > 7i. n (0,Q, T) 
For any 7 £ T we have 

<( 7 z,z'h^r = <(^') 

d d 

<(z, 7 ^7V) 1 - n = <(^^-EE<V J W(x^[7](-^ / ),^) 

j=i k=i 

= K° n (z,z')- XR h}(z,z'), 

since X^PtK ' j z € 7Y n (r2o> T). Hence K n + is an automorphic form of 
type (n, 0) in z and type (1 — n, 0) in z' . 

Proposition 3.2. Let T, K n and K® be defined as above, and let K n be the 

Green's function for d n on T\Q,q defined in section Wlk Then: 

(i) for n > 1 and z, z' G Qo, 

K n (z,z , ) = k n (z,z , ) + K°(z,z'); 

(ii) if 5 < 1, then for z, z' & Flo, 

K±(z, z') - K^z, A{) = Ki(z, z') + K°(z, z'). 
Proof. First we verify condition GF1, i.e., show that for any tp £ A n (fio> T), 

(K n + K°)(z, z')(d n <p)(z')d 2 z' = ip(z) - (P n y){z), 



Do 



where Do is a fundamental region for T in f^o- We have 

(K n + Kl){z, z'){d n <p)(z')d 2 z' = h- I 2 , 



D,, 



where 
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! = lim J! d' n ((£„ + K°)(z, z'Mz')) dV, 

D \{\z'-z\<s} 



h = lim J J d' n [{K n + z')) <p(z')d 2 z'. 

D \{\z'-z\<e} 

By Stokes' theorem, I\ is a sum of an integral over the boundary of Dq, 
which vanishes since (K n + K®)(z, z')p(z') is a (1, 0)-differential in z', and 
a boundary term around the singularity z' = z, so that 

h = l im J_ I ( ^1 + 0(1)) dz' = <p(z). 
e-*o 2m J \zf-z J 

\z'—z\=e 

Since K n (z,z') is holomorphic in z 1 for z' ^ z, using Q3.6JI we get I2 = 

Since condition GF2 is vacuous for n > 1, the above establishes (i) in 
that case. When n = 1, the above argument shows that the operators K\ 
and K\ + agree on Im<9i, that is, 

K\ (z, z') = K^z, z') + Kl(z, z') + ^{z) 

for some tp £ T1. l (tto,T). Setting z' = A% evaluates ip and yields (ii). □ 

Remark 2. It follows that 

^(z z>) = ^(z z') + d -^-(z z>) 
oz' ar az' 

which is Fay's formula relating Bergmann and Schiffer kernels on a compact 
Riemann surface |Fay77| . This was used in the proof of the local families 
index theorem in the case n = 1 given in ZT87a , and was the starting 

point for the proof of Zograf's factorization formula (|1.9|) in |Zog97| . 

4. Natural basis for H°(6 g ,A n ) 
It was proved by Kra [Kra84j that the direct image vector bundle 

is holomorphically trivial, i.e., there exist c^i,...,c^ G H°(& g , A„) such 
that for each t £ & g , the holomorphic n-differentials (fi(t), . . . , (fd(t) on 
Xt form a basis of the fibre Ti n (Xt). For n = 1, the abelian differentials 
<fi(t),...,(p g (t) on the Riemann surface X t with the classical normalization 

ipj = 5 jk 

Ok 

form such a basis, since every t E S 9 uniquely determines the a-cycles on 
the Riemann surface X t = T t \Q t (see |Zog89| ). Here we construct a natural 
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basis of the global sections of A n for n > 1, which reduces to the former 
when n = 1. 

Let r be normalized, marked Schottky group with distinguished system 
of generators L\, . . . ,L g . For n > 1, a cocycle x 6 ^ (r, n 2 „_ 2 ) is called 
normalized if 

= 0, < r < n - 2, x [L x ] (z) = o(\z\ n ) as z ^ oc, 

and x[-^2](l) = 0. Every cocycle x S Z 1 (r,IIo) = Z 1 (r,C) is called nor- 
malized by definition. Let Z (r, n 2ri _ 2 ) be the vector space of normalized 
Eichler cocycles. Since any cocycle may be normalized by adding a cobound- 
ary b G -B 1 (r, n 2n __ 2 ) — a cocycle 6 [7] = 7*p — p for some p G n 2n _ 2 — and 
every normalized b G _B 1 (r,Il2 n _2) is identically zero, we have an isomor- 
phism 

fl-^r.n^-a) := z 1 (r,n 2n _ 2 )/s 1 (r 5 n 2 „_ 2 ) ~ z\T,ii 2n _ 2 ). 

Let Ilf 2 = n 2n _ 2 x • • • x II 2n _ 2 , and define 
s , ' 

9 

fiL-2 = {(Pi, ■ ■ ■ ,Pg) G ■ Pl(z) = cz n ~\ p 2 (l) = 0} . 

Since the group F is free, the mapping from Z 1 (r,n 2n -2) to n| n _2 given 

by 

X ^ (x[Li],---,x[Lg\) 
is an isomorphism. Fix a basis of n2 n _ 2 ; this fixes a basis 

a , . . . , & g (r, n 2n _ 2 ) ~ h 1 (r, n 2n _ 2 ) . 

This basis depends only on T as an abstract group — that is, ^[7] depends 
only on the reduced word ■ ■ ■ L£™ representing 7. Thus we have defined 
a basis of ff 1 (r, n 2ri _2) simultaneously for all normalized marked Schottky 
groups T t , t G & g . 

Now we define a basis for H n (£l, T) corresponding to the basis £1, ■ ■ ■ , £<2 
of Z 1 (r,Il2 n _2) associated with a fixed basis of nf n _ 2 . For this purpose 
we use the Bers map (3* : H n (n,T) -> H 1 ^, n 2n _ 2 ), where x = /3*0) is 
defined by 

x [ 7 ]=Fo 7 .(7') 1 ^-F, 

with F a potential of the holomorphic n-differential (p given by ()3.3jl . The 
potential -F depends on the points A%, . . . , A2 n -i m the limit set of T; a 
different choice of normalization points adds a coboundary to X- We will 
always choose the normalization points to be 0, . . . , 0, 1, 00, . . . , 00. With 

n— 1 n— 1 

this normalization, we get a mapping 

p* ■. w n (o,r)^z 1 (r,n 2n _2). 
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Since the Bers mapping j3* is injective, (3* is also; and the vector spaces 
7i n (Q,T) and Z 1 (T,U2 n -2) have the same dimension d, so /3* is a complex 
anti-linear isomorphism. Define a basis ip\, . . . ,ipd of 7i n (^l, T) by 

and let (pi,...,(fd be the dual basis of 7Y n (f2, T) with respect to the inner 
product ipTTjt : 

(fj,^k) = Sjk- 

Lemma 4.1. The holomorphic n- differentials <pi(t) , . . . , <pd(f) € TC n (Xt), 
constructed above for every point t € <5 S , define global holomorphic sections 
(pi , . . . , (fd of the bundle A n over & g . 

Proof. It follows from the construction that the <pj are smooth global sections 
of A n ; we must show they are holomorphic. Fix t £ & g and abbreviate 
<Pj(t) = (fj, T t = T, etc. Let \i G 7Y _1,1 (f2,r) represent a tangent vector at 
t. It follows from JO} that d n (8^j) = 0, i.e., <5 M <£j € W n (J2,r). But by the 
definition of and Stokes' theorem, 




Since £|[L£] do not depend explicitly on e and <J>^ = 0, we have 5^k[L\ = 0, 
so 

l% ~[ Jc r 

for each k, and we conclude S^pj = 0. □ 

Remark 3. It is necessary to take the dual basis (/jj because the tpi- are no£ 
holomorphic sections of the bundle A„ — > & g . This is related to the fact 
that the Bers mapping (5* is complex anti-linear. 

We say that the sections (fi,...,(fd form a natural basis of H°(& g , A n ) 
corresponding to the basis £i, • • • ,£<2 of Z 1 (T,U2 n -2) associated with a fixed 
basis ofH2 n _2 (for brevity, a natural basis). Note that for n = 1, if we make 
the choice 

£k[Lr] = -2i0~kr, 

we recover the classical normalized basis of abelian differentials; we add this 
condition to the definition of natural basis when n = 1. 

The vector bundle A n — * & g has a Hermitian metric defined by the inner 
product (|2,lj) on the fibres 7i n ('D,t,Tt), t € <S g , which induces a Hermitian 
metric || • ||^ on its determinant line bundle A n = A d A n . The natural basis 
gives a global holomorphic section <p = <p\ A • • • A (fd of A n , with 

\\<p\\l = detN n , 
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where [N n ]jk = (tpj, tpk)- The metric and complex structure define a connec- 
tion on A n , which in the holomorphic frame given by ip is d + Slogdet N n , 
where d = d + d is the deRham operator on G g . 

When n = 1, the connection (1, 0) form on & g can be found explicitly. By 
the Riemann bilinear relations, N\ = Imr, and we have Rauch's formula 
[RaufiH] 

drjkifJ,) = -2i J J ipj(pk^d 2 z 
D 

for fj, € 7Y _1,1 (r2,r), from which we obtain 

r r 9 9 

(4.2) dlogdetiViOz) = -JJ ^J^JVf^fc/zdV 



D 



3=1 k=l 



where N{ k = [N- l ) jk . 

There is an analog of (|4.2|) for the natural basis when n > 1. Namely, let 



"5? -<)*!<"•*: 



(4.3) IJ(z) = 

where is given by (|3.5[) . and define 

(4-4) ro „[7]=T°o 7 .( 7 ') 2 -:z; 

for each 7 € T. Then we have the following. 

Proposition 4.2. Lei (pi, . . . ,(pd be a natural basis of H ((S g ,A n ) as con- 
structed above. Fix t £ & g and abbreviate (fj(t) = (p, T t = T, etc. Let iV n , 
T n; G7 n be defined as above, and recall the notation for the marked normal- 
ized Schottky group T fixed in section W7l\ Then for fi € TiT 1 ' (Q, T) ~ Tt& g 
with potential F^, we have 

(4.5) dlogdetiV n (/x) = ff T^d 2 z + 1 £ / n7 n [L r ]F„ dz. 

•/ •/ ^ ~ — -1 J C r 

D r ~ l 

Proof. Using holomorphy of the family ipj, Stokes' theorem, tpj = Ylt=i -^nVfc 
and (|2.3|) . we have 



d d d d „„ 

dF k 



3=1 k=l j=l k=l 



ff { dn Kl)\^d 2 z-±:j2i J2(S^j[L r ]dz, 

r=l JCr j=l 
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where A stands for the restriction on the diagonal z' = z. This implies 
01ogdetJV n (/i) = JjT^d 2 z-n J J d 1 (K°\ A )vd 2 z 

D D 

i 9 r d 

r=l JCr j=l 

since T° = — (d n K®)\. + ndi(K®\&). Using Stokes' theorem again and 
d-ifJL = 0, we obtain 

f[d 1 (K° n \ A )^d 2 z = ^j2 ( f E^&tA-w*. 

p % r=l j=l 

Hence we must show that 

9 r 9 p d 

(4.6) ^2 f ™[L r ]F fl dz = (t ^(S^j^jlL^dz + rapj^jlLrlfxdz. 

r=1 JCr r=1 JCr j =1 

It follows from (j4.1j) that 



(^^)^ fc [L r ] dz + ^(^Cfe^r]) + t^j £ fc [Z. r ]/zd;2 = 0, 



and we have 

d_ 

de 



£=0 



since, by construction, does not depend explicitly on e. Using the 

identity 

= £ d(<^£ fc [L r ]F M ) 
= / ^-(v?i^fc[-^r]-F)i)d« + ^fc[X r ]/idf, 



we obtain 

9 



5Zf ( S »Vj)€k[ L r]<te + nipj£k[Lr][J><lz 

ti U^-U-n)^&[L r ]Ud 2 . 

„ — i J Cr V / 



Now, a straightforward computation shows that 

d 
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which establishes (|4.fi|) and completes the proof. □ 

To show the agreement of 1)4.5(1 with ((4.2(1 when n = 1, it suffices to 
observe that for this case, the properties of the potential of the basis 
element (fk imply that 



F k (z)= [ MC)d(- [ MC)d(. 

5. Proof of Theorems 1 and 2 

Since the functions det A n , detiV n and S on the Schottky space & g are 
real-valued and the function F(n) on & g is holomorphic, to prove Theorems 
Hand |21 it sufficient to show that 

fiy? 2 — -\- 1 

(5.1) d log det A n - d log F(n) = d log det N n — dS 

127T 

at all points in & g . The (1, 0) forms on & g appearing on the right hand side 
of 1)5.1(1 are given by Propositions 12.21 and 14.21 Here we complete the proof 
by computing the (1, 0) forms on the left hand side. 

5.1. Computation of d log det A„. Let X be a compact Riemann surface, 
with X ~ r\^o f° r some function group V with invariant component 0,q, 
and let /9(z)|d,2| 2 be the hyperbolic metric on Qq. Define 

(5.2) T M - lim (n± - (1 - n)£) («.(,, z<) - i^) , 

where K n is the Green's function for d n on r\fio defined in section l2~2l When 
n = M, we will denote T n = Tj uchs . It easy to see that Tj uchs € „4 2 (H,r). 
Indeed, it follows from 1)2.21) that 

/ <9 5 \ ,11 

n— - (1 - n)— i? n (z, z') = -- -2 + 0(z - z) 

\ oz' oz J it yz — z') 1 

as z' — > z, so that 

T n Fuchs (z) = hm ( n A - (1 - n)j^) (K n (z, z') - R n (z, z')). 

It follows from property 2 in section |2~2*1 that (if n — R n )\A is a (1,0) form, 
and the identity 

(5.3) T n Fuchs = - (d n (K n - R n ))\ A + nd!((K n - R n )\ A ) 

proves the claim. Here A stands for the restriction on the diagonal z' = z. 

Lemma 5.1. Let X ~ T\$7o f or a function group V with invariant compo- 
nent Qq, let J : EI — ► r?o be the holomorphic covering map of Qq by M, and 
let T n and T Fuchs be defined as above. Then on Qq, 

rp ^Fuchs n T-l // j— 1\/\2 i 6n 2 — 6n + 1 

T n = T n oj -((J )) + — S(J ), 

where S denotes the Schwarzian derivative 1)2.5)1 . In particular, T n G ,4 2 (f2o,r). 
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Proof. Note that while J 1 is multiple- valued, the right side is a well-defined 
element of A 2 (£lo,T). The equality follows from the identity 

/ d . . d \ ( J' (z) n J' (z'f- n 1 \ 6n 2 - 6n + 1 „, T , 

lim n— - (1 - n — —-\ — = S(J), 

- \ dz> v dz \ J{z)-J(z') z-z'J 6 y J 



z 



which is verified by direct computation. This is the classical result when 
n = 1. □ 

Remark 4. In conformal field theory, this result is known as the statement 
that "6-c system with spins n and 1 — n has central charge 6n 2 — 6n + 1" 
(see, e.g., |D'H99j and references therein). 

Proposition 5.2. Let det A n be the function on the Schottky space & g 
defined in section \2. 6 A and let $ be the (1,0) form on & g defined in section 
\2.4\ For each t £ & g , abbreviate T n = T n (t), f2 = O^, T = Tt, etc. Then for 
He7i- l ' l {VL,T)~T t G g , 

f T fin^ Pin -4- 1 

91ogdetA„(/i) = JjT nf id 2 z-- 

D 

~~JI 

Proof. Set ^ Fuchs = p J— . It follows from Lemma I5.ll that it is sufficient 
to prove 

dlogdetA„Gu) = ||T n Fuc % Fuchs d 2 z, 

D 

where D C EI is a fundamental region for a Fuchsian group uniformizing 
the Riemann surface X ~ T\Q. Using the identity (|5.;-i|) and d-ifi = 0, this 
reduces to the statement 

9 log det A n (/i) = ~ jj (dn{K n - R n )) \ A n d 2 z, 

' D 

which is Theorem 1 in lZT87aj . □ 

5.2. Computation of Slog F(n). Let T be a marked, normalized Schottky 
group. For positive integer n define 

oo 

(5-4) F (n) = HH(l- q ; +m ), 

{ 7 } m =o 

where {7} runs over all distinct primitive conjugacy classes in T, omitting 
the identity, and q-y is the multiplier of 7 — see section |2~T1 The product con- 
verges absolutely if and only if the series S{ 7 } Sm=ol97l m+n converges. One 
shows that this series converges provided that the multiplier series llj I™ 
converges, where [7] runs over all distinct conjugacy classes (not necessarily 
primitive) in T. By a theorem of Biiser Biis96 , for a Schottky group T with 
exponent of convergence S, the latter series converges provided n > 5. It 
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is known that 5 < 2, hence for n > 1 the product Fo(n) converges abso- 
lutely for all Schottky groups T, and the product Fq(1) converges absolutely 
provided that 8 < 1. Now we define 

(ti n m x_ JW) ifn = l, 

[ j ( j " la - ?i) 2 •■•(!- <r x ) 2 (i - ^-Vo(») if " > 1. 

For n > 2 the expression F(n) defines a holomorphic function on 6 g . 
For n = 1 the function i 7 = F(l) is defined on the open subset of 6 g 
characterized by 5 < 1. 

Remark 5. The product ri{7}(l — Q7) was briefly described in |Bow79j . where 
it was asserted that with the values of chosen appropriately, the product 
is defined for all Res > 5 and has an analytic continuation to the entire 
s-plane. To our knowledge these results have not yet been proved. The 
function |Fo(n)| 2 coincides with a product of Ruelle type zeta functions 
R p (s) associated to the hyperbolic 3-manifold X 3 defined by F, considered 
in [Fri86 : |Fo(re)| 2 = Z n (n), where 

00 

Z n{s) = Yl R Pn + rn(s+m), 

and pn+m is the representation of 7Ti(X 3 ) on 0(2) taking a closed geodesic 
with twist parameter 9 to a rotation of angle (n + m)6. 

Set 

(5.6) f. W = to (n± _ (1 _ „)JL) (k„( 2 , z<) - 1-^) , 

where K n is the Poincare series (|l-i.2[) . We have 

(5.7) T n = f n + T°, 

where T° and T n are defined in (|4,3|) and (|5.2|) respectively. Since T n G 
^ 2 (Q,r), we have for 7 G T, 

T n 7 • (t') 2 ~T n = -w n [i\, 
where zu n [7] is given by 1)4.4(1 . 

Proposition 5.3. Let F{n) : 6 g — > C 6e defined by (|5.4jl and 1)5.5(1 . Fke 

t £ 6 9 and abbreviate T t = T, etc. Let T n and w n be defined by 1)5.6)1 
and (|4.4|) respectively, corresponding to Xt = X = T\Cl, and recall the 
notation for the marked normalized Schottky group T fixed in section \2.1\ 
For n G Wr^^T) ~ T t G g with potential F M , the (1,0) /orm 9 log F{n) 
satisfies 

dlogF(n)(p) = f I T n fid 2 z - / «7[L r ]F M d*. 

^ r=l ^ r 
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Proof. For 7 6 T, 7 7^ id, and z G f2, we introduce the abbreviations 
A 1 {z) = -{nq^ l + {l-n)q n 1 )- '' U) 



7T 7 7 (7Z — z) 2 ' 



and split the computation into three steps. 

Step 1. Claim that the right hand side can be written as 



(5.8) 



JJ r -l JCr 7 gp r= l JC-r 



We have 



D D 



J J f nf id 2 z = JJ B(f n F^) d 2 z = 1 J2 (£ + J c ) ^ dz 

I 9 f 

II ~[ JCr 

1 9 r ~ 1 9 r 

-— f T n° L r (L' r ) 2 X ^[L r ] dz+ — J2f w n {L r ]F^dz. 

,„. 1 1/ Cr - „, 1 J Cr 



—l xW 7 

But for any Eichler cocycle, x[7 ] = ^ — , so we have 

j> f n o L r (L' r ) 2 x^[L r ] dz = j> T n Xv[L_ r ]dz. 

This, together with T n {z) = B 1 (z), converging absolutely and uni- 

7 er\{id} 

formly on compact subsets of 0, establishes (|5.8|) . Note that the non- 
automorphy of T n necessitates the use of the integral over C_ r rather than 
Cf • 

Step 2. Computation of 91ogF (n). Claim that 



(5.9) 



1 9 f 

<91og-F (n)Ou) = -— 22 L^f AjXulL-r] dz. 

7e r r=l JC-r 



7er 
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Indeed, using the expression logFo(n) = — > > and the se- 

f-' ^ m 1 - g™ 

{ 7 } m=l i 

ries (J23J, we get 

_. oo 

dlogF (n) = -Y^ E E ["^ (n_1) + (1 " n K 



{7} CTe(7>\r m=i 

,m 1 1 \2 

7 l Q 7 ~ °7J rr'C^ 2 

2 / \2 / > \2° V Z J 



(^-07) (ff2-b 7 ) 

. 00 

-EE Eh: : v. + ( 1 -«K 

m 

1 (<r-yv)'(*) 



^ {7} CT e<7>\rm=i 



(er l j m az — z) 2 

= E ^t(^)> 

7Gr 

77^id 

where we have identified T t *6 9 ~ H 2 (ft,r). The convergence is absolute 
and uniform on compact subsets of O. Since <91og-Fo(^), unlike T n , is auto- 
morphic, applying Stokes' theorem as in step 1 gives (|5,9|) . 
Step 3. When n = 1, we have to [7] =0 and A^{z) = B 7 (z), so the proposi- 
tion is proved. For the case n > 1 we use the assumption that the normal- 
ization points Ai, . . . , A2n-\ are 0, . . . , 0, 1, 00, . . . , 00 (see Section 4), and 

n— 1 Ti—l 

show that 

n-1 

(5.10) ^(logna-^ci-??" 1 ))^) 



7 er r=i 

We first compute the right hand side of (|5.10j) . Suppose 7 7^ L™, L™ x or 
L™ for any m > 0. Direct computation verifies that (Ay — B^)(z)x^[L- r ](z) 
is regular at 00, with poles at 6 7 , 7™ 1 (0), 7 _1 (1) and 7~ 1 (oo). By part 
(iii) of Lemma I2.ll all these poles are in a single domain D r . m bounded by 
C Tm for 7 = L s r \ • • > m > so that every integral in (|5.10|) is zero. Thus the 
computation reduces to the cases when 7 = L™, L n \ or for m > 0. 
For 7 = Uy,m > 0, using Lemma I2.ll again we see that € D_i and 
7~ 1 (l),oo € Di- By an elementary computation, using the identity 

» nq mn + ^ _ n ) ? («+l)m ^ « mg m 

2^ (i-q m ) 2 ~ ^ T^r ' |g| ' 

m=l m=n 1 
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and the normalization x^[L-i](z) = az, we get 

^ oo . n— 1 . j 

o-E f (AL T -B LT )(z) X ,[L_ 1 }(z)dz = aY J - Jq] 



m =i- y C-i J= i 1 <?! 

When 7 = L™ x ,rn > 0, we have 7 _1 (1),0 G -D_i and oo G JDi. Changing 
z h 1/2 we get as before, 

00 n—l ■ j 

-J2f (A L r, i -B L rn i )(z) X »[L- 1 )(z)dz = aJ2T m j- 

Zl m=l Jc ~l j=l 1 ^1 

For 7 = L™ we have by Lemma |2~T1 that 1 G D_2 and 62 > 7 _1 (0), 7~ 1 (oo) G 
Z?2- By an elementary computation, using the normalization XfAL-2\{z) = 
b(z - 1) + c(z - l) 2 , we get 

T- E f ( Al ? - B L? )(z) Xll [L-2](z)dz = b{n - 1) q2 n _, . 
M m=1 JC- 2 i--q 2 

To compute the left hand side of 1)5.10(1 . we use (|2.4|1 and the identity 

where a = ai,b = b^ and circles C and C = —L(C) form the boundary for 
a fundamental domain of (L) in C \ {a, b}. (It readily follows from Stokes' 
theorem and automorphy properties of the sum Y2j£{L)\T' see ,Kra85 ). This 
computation establishes (|5.10j) and completes the proof of the proposition. 

□ 

Theorem [2] now follows from (|5.7|) and Propositions 12.21 14.21 15.21 and 15.31 

in the case n > 1. For n = 1, this also gives a proof of Zograf's formula 
- Theorem n — for Schottky groups with 5 < 1. For the remainder of 
Theorem n we refer to (Zog89 . 

Remark 6. Note that the functions det'A n , -Fo( n ) and S on & g are invariant 
with respect to the transformations of & g which correspond to permutations 
of the generators L\, . . . ,L g , whereas the function det N n is not. Conse- 
quently Theorem [2] implies that the extra factors in the definition of F(n) 
guarantee that the product det N n \F(n)\ 2 is invariant with respect to these 
transformations. This can be also verified by a direct computation. 
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